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1
D and ) Operator

Moh. Kamalul Wafi*?, Jerry Susatio*

8Laboratory of Embedded and Cyber Physical Systems, Institut Teknologi Sepuluh Nopember;
bControl Systems - Imperial College London

1 Introduction

Mathematical equations approaching the true system are becoming more complex and demand-
ing such that it is required some trivial formulas to deal with them. The most enigmatic inquiries
in this discipline are differentiation and partial integral and those with more than two functions
could be solved with these operators. This book covers the solutions of various differential and
integral equations (ordinary and partial) indicating the physical problems, simultaneous, linear
and non-homogeneous

1
5 -

Definition. Operator D is a differential operator being used to obtain the function derivative
with respect to either x or ¢, such that

2 D and Operator

Dly) = )= ) — D) = () = ) (1)
dx dt dx™ dtm

where D (1‘5) and D? (2:53) would yield 524 and 122 in turn. This then could be further modified

as D —5 and 5D? — 2D + 7 to operate e’® and 3z which generates 2¢”* and 90z — 1822 + 2123

respectively, or even the question associated with D? (cos 13z) and [D? + 3D — 8] (sin 4z). The

theoretical ideas to deal with complex differential problems is interestingly discussed along with

related questions.

Definition. Compared to the preceding, operator % is an integral operator with respect to

certain independent variables, such that

%(y) :Z/ydx — [%]n(y) = /(n)ydt (2)

for instances:

1 1 /4 4 1 1 1 1
1)ﬁ (41‘4) o 5 (5x5> = %Jjﬁ +c 2)@ Sin 4LU = 5 <—4 CcOS 4x> — _E Sin 43;.}. c
and the more complex example
1 1 4 oo ay 1o 4
3) |:®2+,D_2:| (233):—2(233)4-5(237)—2(237)
L (25 2 5 4_ 2 6 5 4
®<5x>+5x €T 301‘ +5x T +c

*Email: kamalul.wafi@gmail.com



Theorem 2.1. Suppose a function of €% to be solved, this means that ¥ [D] (65’”) equals to
U [0] €. The result is just to complete the equation of D depending on the value and the sign
of §. For the positive (+) and negative (—), those generate +9 — +D and —§ — —D in turn.

Proof. If operator D is to solve €9%, then the variables of D is altered to 4.
U [D] = aD*+bD +c
U D] <e§x> = [aDQ + 0D + <e‘sx> = aD? <e§x> + 6D (e‘sx) +c (e‘sx)
= ad%e’” + b6e™™ + e’ = [ad® + bd + | " — W [§] " [ |
Example 2.1. If ¥ [D] = 5D% 4+ 7D + 10, find ¥ [D] (e**)!
U [D] (e**) = [6D* 4+ 7D + 10] (e**) = [20 + 14 + 10] €** —> 44"
Example 2.2. If ¥ [D] = 8D? — 7D? + 3D — 4, find ¥ [D] (e®)!

U [D] (") = [8D* —7D? +3D —4] (¢") = [8 =7+ 3 —4]e" — 0
Example 2.3. If ¥ [D] = 3D + 2D — 6, find W [D] (1)1

(D] (e757) = [3D% + 2D — 6] (757 = [—i —1- 6} 73 —» —%e—%m

Theorem 2.2. Suppose functions of sin §dz and cos dz, the second derivative of them would
be ¥ [D?] (sin 6z) = ¥ [—46?] sin 6z and also ¥ [D?] (cos dz) = ¥ [—§?] cos dz. This indicates
that any positive § being operated by D? is substituted to —&2

Proof. The second derivative of sin éx is denoted as changing D? to —§. In general, for any
n-multiples derivative with n-even number starting from 2, it results in D™ — —§"

U [D] (sin dz) = [@2] (sin dz) = [D] (6 cos dz) = —42 sin bz — U [—52} sin 0x
This is exactly the same as if it is for cos dx |
Example 2.4. If ¥ [D] = 3D? — 2D + 1, find ¥ [D] (sin 4z)!

U [D] (sin 4z) = [3@2 — 2D + 1] (sin 4z) = 3D? (sin 4x) — 2D (sin 4z) + sin 4z

= —48 sin 4x — 8 cos 4x + sin 4z = —47 sin 4x — 8 cos 4z

Example 2.5. If U [D] = D2 + 3, find ¥~ [D] (sin 3z)!

1 ) 1 . 1 .
D713 (sin 3z) = 13|50 31‘:—6 sin 3x

Example 2.6. If U [D] = D2 + 4D — 2, find ¥~ [D] (sin 2z)!

S| 6 20) = | g | (in 20) = | | sin 20)
@2_'_4@_2 SN 2T ) = _4+4®_2 SN z2—r ) = 1D — 6 SN z2x
1 4D +6 4D +6
— in2z) = —— "> (sin 2
[4@—6} [4D+6] (sin 22) = J6p7 — 56 50 22)
b
100

- —ﬁ [8 cos(2z) + 6sin(2x)]

[4D + 6] (sin 2x)



Theorem 2.3. Suppose a function of e**®(z) to be solved, this means that W [D] (e9®(x))
equals to e®®W [D + 6] ®(x). The term e could be taken out from the calculation but the the
term of W [D] should be changed by adding each term of D with some constant variable of §
and leaving ®(x) to be proceed.

Proof. The term of D should be altered by arbitrary constant ¢
U [D] (e%(g;)) — [D] (&f) ®(x) + % [D] ®(x) = 6 D (z) + 5 [D] B(x)
= 9% (6D(z) + [D] B(z)) = e**W [D + 6] B(x) [
Example 2.7. If ¥ [D] = 2D + 1, find ¥ [D] (e* z)!
U[D](e*x) =2D +1](e"z) =e” 2D + 3]z — €*(2+ 3x)

Example 2.8. If ¥ [D] =

find ¥ [D] (e~%*)!

D42
VD) () = | | () = L () (failed)
D42 0
_ 1 —2z | _ 2z i _ —2z
—[D+2](e 1)=e [(D](l)—xe
1
= T g |
Example 2.9. If ¥ [D] @2_2®+3,ﬁnd111[®] (e” sin 2z)!

1 T o 1
@2—2D+3] (¢sin 2z) = ¢ [(®+1)2—2(®+1)+3

U [D] (e” sin 2x) = [ (sin 2x)

1 1 1
=e’ [@2_‘_2} (sin 2z) = €* {_4 n 2} (sin 2z) — —56:0 (sin 2z)
Theorem 2.4. Suppose a function of x®(z) to be solved, this means that
1 171
~(2®(z)) = |z — —| —®
5o = o= 5| Fow
Proof. Using D(uwv) = w'v + wv’ and suppose v/ = ®(z) and v = £®(z), it is then

D <m1<1>($)> — L@ rav@) — ad(z) =D (x ! <I>(a:)> ~ Lo

D D D D
1 1 1 1 171
5(:1@(3:)) = a:Dq)(:c)5<I>(a:) — 5(%1)(3:)) = [w - 'D] thl)(x) [ |
Example 2.10. If ¥ [D] = J, find ¥ [D] (zsin z)!
—(zsinz)=|r — —=| =sinz = |x — —| —cos x = —xcos x +sin z
D D| D D

Theorem 2.5. There are two ways of making integrals into series (derivative), using MacLaurin
series and conventional derivative numerator over denominator. Keep in mind that the series is
depending on the highest order n of derivative term, for instances

1
. = 1-D+D> D3 +...
D1 + *
1 1 1 7
—Z_ZpD_pz ...
4D2+D+2 2 4 8 +
1 1 1 9
S D P2y...
DS +2D?—D+5 5 25 125
1 1 1 L T S

D212D DD+2 D2 4 '8



1
— Operator

3 D

Integration with

To solve integrals with more than two integrand with different term is usually done by partial
integrals. Moreover, If the order of each integrand is higher, then the solution should be finished
in complex steps and repetitive. To deal with such laborious things, the usage of % operator
could ease the calculation, applying the fifth theorems discussed in the preceding section. To
understand comprehensively, it is better to jump into the given questions as follows.

Example 3.1. Answer this question / e’ cos 2z dz! Hint: Theorem (2.3)

/e cos 2x dx = [D] (e” cos 2x) = e [D+1] cos
L D—-1 . —
=e |:D2_1:|C082$:6 |: —

1

— _7633

5

2x

} cos 2x
5

1
[D — 1] cos 2z = gex [2 sin 2z 4 cos 2z]

Example 3.2. Answer this question / ze® sin 3z dz! Hint: Theorem (2.4)

(Theorem (2.2))

= 1T
/xe” sin 3x dr = _D} (x e’ sin 3z) = [x — @} _D] e’ sin 3z (Theorem (2.3))
R | ing—__l 2| DL in 3
—a:D_e Dol = e gl | pr oy |sin e
Clec e [P s = o- L] - Lerp - 1)sin 3
= |z D_e —o | S l‘—_{L‘ D 1€ sin 3z
1] 1
= x—ﬁ_ —Eem [3 cos 3z — sin 3x]
1. 11/3 . 11/1 , .
=1o%¢ [sin 3z — 3 cos 3z] + [@] (106 cos 3x>—{®] (106 sin 3x>
A B
1 D-1 D-1
A:%x Dl cos3x:%e$ |:‘D2_1:|COS31‘:1306CE|:_10:|C083$
3 . 3 .
=100 [@—1]cos3x——ﬁe [—3 sin 3z — cos 3z]
1 1 1 D-1 1 D —
le—oex D1 sin 3a::ﬁex [32_1} sin 3x:m6x[_10}sin 3z
1, . I .
= ~T05¢ [D — 1] sin 3x——me [3 cos 3z — sin 3z]
1
A—B:mem[Qsin&’E—i—i’)cos3x—|—3cos3x—sin3x]

/

Example 3.3. Answer this question

100

Suppose that Inz = u, so that e* = x and dzx = e* du
Jwade= [ueran= |5l w=e |5 o)
nrdy= [uetdu= || (e"u)=¢ D+1uor
=e"[l-Dju=e"fu—1] =z (nx —1)

1
u_i

D

In x dz! Hint: Theorem (2.3)

|

1
—e

D

u

1 1
z e’ sin 3xdr = 1% e’ [sin 3z — 3 cos 3z] + ——e” [8 sin 3z + 6 cos 3z]

(Theorem (2.4))



Example 3.4. Answer this question / sin (In x) dz! Hint: Theorem (2.3)
Suppose that Inz = u, so that e = x and dzx = e* du

1 1
/Sin (Inz)dr = /Sin (u) " du = [D] (e" sin u) = e" [® n 1] sin u

JD-17 . J[D-17 . 1, ,
=e sinu=¢e 5| sinu=—ge [D — 1] sin u

D2 _ 1 —
1. . .
= ——e"[cos u —sin u] = —5t [cos (Inz) — sin (In z)]
. . sin (Inz) .
Example 3.5. Answer this question | ———— dx! Hint: Theorem (2.3)
T

Suppose that Inx = u, so that e* = z and dx = e* du

sin(Inz) ~ [sin(u) , |1 —ou . oy 1 .
/ 3 da:—/ 3 e'du = D (e smu)—e D5 sin u

D+2 D+2 1
— €_2u |:+:| Sin u = 6—2U |: —; :| Sin u = —56_2u [@ + 2] Sin u

—2u [

1 1
=—pe¢ “lcosu + 2 sin u] = —5:U_2 [cos (Inx) + 2 sin (Inz)]

1
Example 3.6. Answer this question / n—f dz! Hint: Theorem (2.3)
x

Suppose that Inx = u, so that e* = z and dx = e" du

D
_ 1 1 —3u __ 1 —3u 1 —3u
[“ @] 3¢ T 3" D
1 1 1
= ——ue " — 56_3“ = —3—(111:1; +1)
Exercise 1. Solve the following integral equations!
1
1. /629” cos 3z cos 2z dx 4. /nfd:c
T
2. /a:e“” cos z dx 5. /;rew cos® zdx
1
3. /wew sin? z dz 6. /Cos(;x)dm
T

The theory of Gottfried Wilhelm Leibniz known as ” Leibniz’s rule” is proposed as an alternative
of Theorem (2.5). This is the equation with order n—th means the n—th derivative of the
product (uv), therefore

D" (uv) =uD™ (v) +nD (u) D"t (v) + %n (n —1)D? (u) D" 2 (v) +

%n (n— 1) (n—2) D3 (u) D" 3 () + - (3)

by changing the constant n with —1, it results in the following function which is used to solve
integral equations and also as an alternative of Theorem (2.5)

1 1 1 1 1
5 (W) =ug (v) = D () 55 () + D* (u) g5 (v) = D? (u) 57 (V) + - (4)



T

Example 3.7. Answer this question /x3 e dx! Suppose that v =22 and v =e¢

D (2*) = 32° — D* (2°) =62 — D* (2°) =6 — D' (2°) =0 (5)
A I LN

such that by substituting the Eqgs.(5) and (6), the final solution is

/a:3exdx:x3e“—3x26“+6xex—6@””: (a:3—3:1:2+6a:—6)e’”+c

Example 3.8. Answer this question /x3 cos(ax) dx! Suppose that u = 23 and v = cos(ax)

D (2%) = 32° — D? (2*) = 62 — D? (2*) =6 — D* (z°) =0 (7)
[21)] cos(az) = 2sin(aaz) s [912] cos(az) = —% cos(az) —» -
Bg} cos(ag) = —é sin(az) — [Dﬂ e — %cos(ax) (8)

such that by substituting the Eqgs.(7) and (8), the final solution is

1 1 1 1
3 3 s 2 :
cos ardr = x°—s + 32°—; cos —6rx—s — 6— cos
/x ardr =x in(ax) " — (ax) r— in(ax) 1 (ax)

x> 6x) . 322 6
=|———%]simar+ | —5 — — | cos ax +c
a a? a2 at
Example 3.9. Answer this question /:L‘3 (Inz)? dz! Hint: Inz = u — €* = z and dz = ¥ du

1
/x3 (Inz)? dz = /63“ u? e dr = /64“ u?dr = [D] u? e

where u = u? and v = e**, therefore applying the Leibniz theory, it results in

D (u?) =2u — D? (u?) =2 — D? (u?) =0 9)
l 4u_14u l 4u_i4u l 4u_i4u
[@] et = et — [@} et =g — {9] et = e (10)

such that by substituting the Eqgs.(9) and (10), the final solution is

1 1 1 2 1
/:):3 (Inz)? do = u2164u — 2uﬁe4u + 26—464“ = (Z — % + 32> et

where u = Inx, by re-substituting, it yields

~ [(nz)* Wz 17 4
—[ 1 3 +32 - +c

Exercise 2. Solve the following integral equations!

1. /x3 e* dx | 2. /;1:3 sin(lnx) dx



4  Solution of Ordinary Differential Equations

4.1 Ordinary Method

Further benefits of operator-D is to solve differential equations, especially second-order differ-
ential equations with constant coefficients. Suppose the general form of the second-order, (y)
as dependant with respect to independent (x) variable along some constant variables (a, b, c),
to be solved is given as follows,
2

a%wLb%Jrcy:‘I)(x) (11)
then the solution (y) of Eq.(11) is represented as the addition of complementary or the homo-
geneous solution (y.) and particular solution (y,), such that

Y="Ye+Yp (12)

To solve complementary solution, the right-hand side of the given function in Eq.(11) is supposed
to be zero and the counterpart left-side is constructed in terms of D-term, therefore

—b =+ Vb? — 4ac
aD*+bD+c=0 — Do = >
a
The complementary solution is formed as exponential (e) term along with some constants (k1, k2)
as given in the question. However, from the characteristic equation as Eq.(13), it can be seen
that the there are three different possibilities of roots meaning that there should be also the
same number of formulating the complementary solution. They could be:

1) different (D1 # Ds) as Eq.(14a),

(13)

Yo = k1 €D L ko P kP 4 ke 4 4 ke V> 2 (14a)
2) the same (D1 = D3y) as Eq.(14b),
Yo = (k1 + ko) e?®  — (k1 +koz+ -+ ko™ 1) eP? ¥n > 2 (14b)

3) imaginary roots with (D1 = p+iq) and (Dy = p — iq) as Eq.(14¢), such that
ye = k1 elPtadz 4 po o(p—ai)z _ (k:1 eI 4 ke e_qix) eP” (14c)
or since €@ and e~ equal to cos(gz) and sin(gz) in turn, then Eq.(14d) could be written as
Ye = (k1 cos qx + kg sin qz) eP* = keP” cos (qr £ 0) (14d)

To solve particular solution, in terms of D, the given question as Eq.(11) is computed in a
whole, without assumption, with the insight from preceding properties, Theorem (2.1) — (2.5),
such that

1
R 15
Yp aD2 +bD + ¢ (@) (15)
. . . Py APy dy .
Example 4.1. Find the solution of the given question —= — 2—= + 4—~ — 8y = 0. That is
dz3 dx? dx

then written as [D3 —2D2% + 4D — 8] y = 0 and the solutions are,
1) Complementary y.:

[D? 2D +4D - 8] =0 — [D—2] [D*+4] =0
Dy =2,Dy = 2i, D3 = —2i, such that y. = ky e + ko et + k3 6_2imJ
ko cos(2z)+ks sin(2z)

2) Particular y,: Since the right-hand side equals zero, then y, = 0 therefore
Y=y = kl 6236‘ + k‘Q e?iz + k,3 e—?ix
= k1 €% 4 ko cos(2z) + k3 sin(2z) = ki €*® + k cos(2x — 6)



d? d
Example 4.2. The system is written as differential equation ¢y 3—y + 2y = 0. It could be

dz? dx
also denoted as [DQ —-3D+ 2] y = 0 and the solution are
1) Complementary y.:

[D? = 3D +2] =0 — Dy =2,Dy = 1 such that y. = ky e + kp e”

2) Particular y,: Since the right-hand side equals zero, then y, = 0 and y = y.

d
Example 4.3. Given the differential equation, c% +2y =1+ 2t+ et with y(0) = 0. It could

be formed in terms of D, resulting [D + 2]y = 1 + 2t + et and the solutions are,
1) Complementary y.:

[D+2] =0 — D = —2 such that y. = ke *

2) Particular y,:

1 1 1 1 i
[D+2] (1+2t+e” )_[®+2]1+[D+2]2t+[j)+2]e
1 1 1 1
- - — 1 —t
[2 1 } [2 4 ] tte
1
- 0+t——+e b tte

2 2
such that the solution y = y.+y, is ke 2 +t+e~'. Since the constraint of y(0) =0 — k = —1,
then the final result would be y = —e 2t +t + et
d*y d?y
Example 4.4. Solve the following differential equation i + Sd— = 0 with y(0) = 4/(0) =
y"(0) = 0 and y®(0) = 1. The respective D—term is [D* + D?] y = 0 and the solutions are
1) Complementary y.:
[D*+D? =0 — D*[D*+1] =0
Dy =Dy =0,D3 =1i,Dy = —i such that y. = (k1 + kox) + kse® + kge™™
2) Particular y,: Since the right-hand side equals zero, then y, = 0 and y = y.. Then, from the
constraints, the final solution is presented as y. = (k1 + kax) + k3 cos(x) + k4 sin(z),

y(x) = (k1 + kax) + k3 cos(z) + k4 sin(z) y(0) =0=Fky + k3
y'(z) = ko — ks sin(x) + ky cos(z) y'(0) =0=ky + ky
y"(x) = —kg cos(z) — k4 sin(x) y"(0) =0=—k;

y 3 (2) = ks sin(z) — ky cos(z) y'(0) =1=ks — ky

and it can be concluded that k1 = k3 =0, ks = 1 and k4 = —1, and it results in y = = — sin(z)

d? d
S +alesy =5
The D transformation is then defined as [Dz +4D + 3] y = b and the solutions are,

1) Complementary y.:
[DQ +4D + 3] =0— Dy =-1,Dy = —3 such that y. = k1e™ " + ko e 3"

Example 4.5. Supposed a differential equation representing a system,

2) Particular y,:

w=prrimrs) =347 ©
5

—2_0— <
3 3

such that the final solution y = y. + v, is k1 e™* + ko e 3% 4 %, since there is no constraints

ot



d%y dy
Example 4.6. The system representation is given as ﬁ + Qd— = 10. The modified D-term
is written as [D2 + 2@] y = 10 and the solutions are,

1) Complementary y.:
[D? +2D] =0 — Dy =0, Dy = —2 such that y. = ky + kzye™>*
2) Particular y,:

S [ [ R

1 1 )
such that the final solution y = y. +y, is k1 + k2 e % 4 5y — % due to lack of further constraints

d2
Example 4.7. Given the differential equation d—g —y = 2%. The D-term is further denoted
x

as [Dz — 1] y = 2% and the solutions are,
1) Complementary y.:
[@2 — 1] =0— D1 =1,Dy = —1 such that y. = k1 e* + koe™*

2) Particular y,:

1 1
= | — (2" = | —— | ezIn(?) here: 2% — o n(2)
o [92_1]( ) [1112(2)_1} ‘ where ¢

such that the final solution y = y.+yp is k1 e*+kye™" i ( ) due to the absence of constraints

2y
dx2
mation is then written as [D? + 4] y = sin(2z) and the solutions are,
1) Complementary y.:

Example 4.8. Find the solution of differential equation + 4y = sin(2z). The D transfor-

[DQ + 4] =0 — Dy = 2, Dy = —2i such that y. = k1 e*® + kg e 2%
kcoséx—e)

2) Particular y,: Note that e = cos(6) £ isin(f) or cos(d) = Re (e?) and sin(0) = Im (%)

1 . 1 . 1. .

U = [@2 " 4] sin(2z) = [_22+4] sin(2z) = g sin(2z) (failed)
_ 1 29 __ ; 29 __ 1 2ix :

= Im [92 - 4] e = Im [(22,)2 n 4} e =Im [06 ] (failed)

([ﬂﬂlJr 4} o 1) - (em [m] 1) =om (62m [D—:ll—éli] 1171)
CHRER S S )
(
(

J2ic B@ n 116D —Im <[cos(2x) + isin(2x)] [—ZZ T 116])

. 1 .
—% cos(2z) + — cos(2x) + z sin(2z) + 1% sin(2x)) (2 and 3-term: Re)

16 4

1
=16 sin(2x) — %cos(Qx)

such that the final solution y = y. + y, is k1 €% + kg €72 — Lx cos(2x) + 15 sin(2z) due to lack
of further constraints



d? d
Example 4.9. Supposed a function d—y — 2d—y 2z cosh(x). The respective D-term is figured
x2 T

out as [D? — 2D] y = €** cosh(z) and the solutions are,
1) Complementary y.:

[D? —2D] =0 — Dy =0, Dy = 2 such that y. = ky + ko €**

2) Particular y,:

1 o

= {DQ — QD} 2 cosh(x) where: cosh(x) = i
_ 1 1 3z x _1 1 3 . 1 - 1 N
_2[2)2—293](6 +€)—2[3e e}—>66 3¢

such that the final solution y = y.+y, is k1 +k2 e +5 Lede_ ez due to the absence of constraints

Exercise 3. Solve the following differential equations!

2
de dy . . ,
2. i 3% + 2y = —4e” sinh(z) with y(0) =2 and 3/'(0) =0
d2y dy 9
3. pre) +4% + 5y = 8 cos*(x)
1 000 5y sasin(e) ot
" dx2 dx y = 34sin(x) cos(x
d’y dy
. 2 At 6y = —e ' [18 cos(3t) + 26 sin(3t)] with y(0) = 0 and %' (0) = 6

4.2 Parameter Variation Method 1

Recalling Eq.(11), while the general solution comprises the same as y = y. +y,, yet each part of
such solution could be modified, resulting divergent ways of finding the particular (y,). Suppose
the complementary y. = k111 + kot)o, then the particular is denoted as

Yp = p¥1 + q¥2 (16)
where

— 1o ®(z) ¢1(I)
— = 7 d
Dl — s / it w'wg (17)

d?
Example 4.10. Solve the following differential equation, d—‘g + y = csc(x). The step is to
x

find the D-term followed by the complementary, which is preferred to the sine and cosine term
instead of exponential, and particular solution, such that
1) Complementary y.:

[DQ + 1] =0 — D1 =i, Dy = —i such that y. = k1 cos(z) + kg sin(x)

2) Particular y,: 11 = cos(xz) — 9] = —sin(x) and 19 = sin(z) — 4 = cos(z)
B —sin(x) csc(x) L B cos(z) csc(x) B
b= / cos?(z) + sin?(x) do=—u and 1= / cos?(z) + sin?(x) dz = In(p)

yp = —x cos(z) + sin(x) In(p) with: ¢ = sin(x)

This means the final solution y = y. + yp is k1 cos(z) + k2 sin(z) + —x cos(z) + sin(z) In(yp) due
to the absence of constraints

10



Example 4.11. Find the solution of such function,

dy _
dz? 14 e
1) Complementary y.:

[92—1] =0— Dy =1,Dy = —1 such that y. = k1 e* + kge™*

2) Particular y,: 91 = e” — ] = €% and 1pg = e ¥ — ph, = —e ¥

e’ 1 e’ e’
p /1+ew o /[ex 1+e—1l N /1+ex v

such that, p = —e™* +In(1 4 €”) and ¢ = In(1 + €”). This means the final solution y = y. + v,
iskie® +kae 4+ [—e "+ 1In(l+e")]e” —e *In(l + e¥)

Exercise 4. Solve the following differential equations!

d? d?
1. d—xz +y = tan(x) | 2. dT:g + y = sec(z) tan(x)

4.3 Parameter Variation Method 11

This section is specifically intended to solve particular solution, having the D-term characteristic
of the conjugate which could be simplified into the following method. If it is obtained that

[® 1_ a] ¢(x) =y +— [D —a]y = ¢(x), then the solution is e** / e~ ¢(z) dr (18)

d2
Example 4.12. Given the differential equation, d—g + a®y = sec(ax), find the solution!
x

1) Complementary y.:
[@2 + a2] =0 — Dy = ia, Dy = —ia such that y, = ki €' + kg e

2) Particular y,: Note that e = cos(ax) + isin(ax)

Lo sectan) oy IS B
= | =55 | sec(ax - = L
MR D2+a?  2iaD+ia  2iaD—ia
1 1 1
~ T 2aD+ia sec(ax) + %iaD —ia sec(ax)
1 . . , g
D +ia sec(ax) = T / eFi sec(ax) dr = emam/ COS(aacjz)S(c:;)m(ax) e

= eTiax [/ dx :l:z'/tan(x) dw] = eTiox [l‘ F ;111(90)} with ¢ = cos(ax)

Yp = —2; <6_ifz {x - iln(cp)D + % <ei“‘” {I + 21D(<P)D

war __ ,iar 1 axr ar 1
=z [622,;} + o In(p) [62—26} = zsin(ax) + o In(p) cos(az)

From this, it is concluded that the final solution is y = k1 e**+ky e~“*+ sin(az)+21 In(p) cos(az)

Exercise 5. Solve the following differential equations!

Py d : d’
1. d—ag‘z+2£—i—2y:eﬂj sec?(x) | 2. d—xg+4y=tan(2x)

11



5 Solution of Linear Homogeneous Differential Equations

This section focuses on the homogeneous functions and the general form of the linear homoge-
neous differential equation is denoted as follows,

dlc dk—ly dk—2y

k k— k—

Ok T a0 k—i—go T 1dyk—1 + Qg2 Qdyk_Q—l—...—i—gooy:CI)(x) (19)
where ¢, ¢1, 2, ... are the arbitrary constants. Supposed z = e?, then z = In(z), such that

each term in the series with an assumption ¢, = 1,¥n = 0 : k is defined as a sequence of an
infinite product

k
n "y
T o <H [D—(n—l)])y-@[@—l} [D—=2]...[D—(k—1)]y (20)
n=1
and the detail explanations are enlightened in the following proofs, therefore
dy dy dz 1 dy dy d
dr  dz dxr x dz — v dz 4 where dz (21)
Py d(dy\ _d (1dy
de?2 ~ dx \dx) dx \z dz
g dyd 1y 1y
22 dz  xdz?2dr  x2dz 22 dz2?
1 2 2 d2y
= — [D* - D]y — 1’@:@[@—1]21 (22)

d3y_d<ddy>_d< 1dy+1d2y>

dz3  dx \dz dx dx 22 dz  x? dz?
2dy 1 d*ydz: 2 d* 1 d% dz
_ﬁﬂ_ﬁ@%_ﬁd% 22 d23 do
2dy 1d>%w 2dy 1d% 1d% 3 d%% 2 dy

w3 dz 23dz? 23 d2? 2% dd 23 dd 23 d? ' a3 dz
1 d3y
= — [D*-3D*+2D]y — x3%:9)[®—1][®—2]y (23)
From those, it could be said that Eq.(20) is the general solution.

d? d
e
characteristic of the function is the same as that of in Eq.(19), the question could be modified
into D [D — 1]y — 2Dy — 4y = €2,

1) Complementary y.: z = In(x)
[@2 - 3D —4] =0— Dy =4,Dy = —1 such that y. = kie** + kye™?

Example 5.1. Solve the following differential equation, x — 4y = z*. Since the

2) Particular y,: Note that e*% = cos(az) + isin(az)

_ 1 4z 1 4z_14z :
U= {@2—39—4] © = [ 16— 12 — 4} © 7o (failed)
1 1
e D=e*|—" | (1

{@2—?@—4]( [@+4 D+4)—4]() ‘ [®2+5®]()
L1 11 11 L1 1
= _ — = — —D = — —_

¢ [®+5 =552 =" 57 5

2t (; In(z) — 215> 2= In(z)

such that the final solution (y = y. + y,) is k1 2* + kQ +x (1 Inxz — 2—15)

12



d? d
Example 5.2. Find the solution of the following function, z? d—z+2x d—y = In(x)! The question
x x

could be formed as Eq.(19), such that D [D — 1]y + 2Dy = z,
1) Complementary y.: z = In(x)

[D? + D] =0 — Dy =0,Dy = —1 such that y. = k1 + kpe™*

2) Particular y,: z = In(y) and ¢ = (1 + )

[ [t 71 1 1,
e lD2e DT D+l DT D1 2”
1 1 1
:[1—@—1—@2]522:522—z+1:§1n2(a:)—ln(a:)+1
such that the final solution (y = y. + yp) is kl—&—%—i—%an(m)—ln(x)—i—l

d*y dy

Example 5.3. Supposed a function, (1 + x)QW +(1+ m)df +y = sin(2In(1 + z)), find the
x x

solution! If (1 + z) = ¢ — dx = dyp, then the equation is the same as that of Eq.(19), so that

Eq.(20) follows with D [D — 1]y 4+ Dy + y = sin(2z), therefore

1) Complementary y.: z = In(yp)

[@2 + 1] =0— Dy =1i,Dy = —i such that y. = kj € 4+ ky e

2) Particular y,: z = In(y) and ¢ = (1 + )

vy = [@21“} sin(2z) = [_ 41+ 1] sin(2z) = — sin(2)
_ —% sin(2In(1 + 2))

such that the final solution (y = y. + y,) is kcos(In(1 +z) — 0) — £ sin(2In(1 + z))

d®y d’y ., dy
Example 5.4. Given a differential equation, 3 723 + 22 T2 +3z—~—3y = 2, obtain the solu-
X x

T
tion! Since the characteristic is on par with Eq.(19), then the solutions are, D [D — 1] [D — 2] y+
2D [D — 1]y + 3Dy — 3y = e**

1) Complementary y.: z = In(x)
[D? —D?+3D—-3] =0— [D*+3][D—-1]=0
Dy = iV3, Dy = —iv/3, Dy = 1 such that y. = k; eiV3z + ko e~ iV3z + k3 e®

2) Particular y,: Note that e*® = cos(ax) + isin(ax)

|: 1 :|622 122_12

s—4+6-3|° ~7° =7

1 2z
Y= D3—D2+3D—3]e -

such that the final solution (y = y. + yp) is k cos(v31In(z) — 0) + k3 e* + L2

Exercise 6. Solve the following differential equations!

d2 d2 d
1. .’132d7x:g+y:3.7}2 3. 1’2?1;7;—2x£+2y:$2+81n(51n(x))
d?y dy 42 d3y PPy | dy
2 _ 2 _ .2

13



6 Solution of Simultaneous Differential Equations

In this section, there exists some dependent variables ¢; from 1 — n, such as (z,y,z) or
(p,q,r,s) if n = 3 or 4 in turn, paralleling with the number of equations, with respect to
arbitrary independent variable (¢). The goal is then to find the solution of such dependent
variables by eliminating one from another using Gauss elimination so that the ways to obtain
the final solution (¢; = ¢ + ¢p) depends on the number of equations.

Example 6.1. Find the solution of the given two equations with z(0) = 2 and y(0) = 0!

Ccll—j + y = sin(¢) and x + CC% = cos(t)

Since there are two equations, then there are two solutions with respect to dependent variables
(z,y) with respect to independent (¢). In order to do that, Gauss elimination is applied in terms
of certain dependent variable. The first is to multiply the second equation by D and subtract
it from Eq.(1), such that

x1

Drt+y=sint) —  Drty=sin() V[ — D2y — 2sin
x + Dy = cos(t) xD, D$+@2y=@[008(t)]}( )[1 D]y 2sin(f)

1) Complementary y.:
[1 —D2] =0— Dy =1,Dy = —1 such that y. = kj e’ + kye™*
2) Particular y,:
1 _ 1 . .
Yp = [1_92} 2sin(t) = 1_7(_1)2 sin(t) = sin(t)
such that the solution with respect to y is kj ! + koe™" + sin(t). If the constraint is applied,
then it results in
y(0): k1 +ka=0— ko= —k1
The second formulation is then to remove y so that it yields x, with the same formula, it has
Dx + y = sin(t) XD D2y 4 Dy="D [sin(t)]} (=) [32 1]z=0
x + Dy = cos(t) EEN x + Dy = cos(t)
1) Complementary x.:
[1 —92} =0— Dy =1,Dy = —1 such that z. = c1 ¢! + cg e

2) Particular z,,: Since the right-hand side is zero, there is no z, and the solution depends solely
on r = x.. Applying the constraint, it constitutes

z0):c1+c=2—c=2—0

To gain the constant parameters from the constraints, those two results should be compared
into the given questions, yet we should have the first derivative of the two, therefore

d d
di: =kie' +kie "+ cos(t) and d;: =cre +(c1—2) e

such that, taking the first equation Dz + y = sin(t), it gets
cret +(c1—2)e "+ kel —kie ' 4sin(t) =sin(t) — ey + ki =0and ¢; —2—k; =0

From the final equation it then can be concluded that k1 = —1,ko = 1,¢1 =1 and ¢ = 1. Keep
in mind that using Eq.(2) in the question will lead to the same answer, which means that

y=-e ' — e 4sin(t) and r=¢e +et

Note: If there are no certain constraints mentioned in the question, then the final solutions halt
in the certain dependent variables without doing further comparison to fulfill the constraints.

14



Example 6.2. Solve the following two simultaneous differential equations without constraints!

dz . dy
2a+6x—y—2sm(2t) and E—2x+5y—0

The first is to multiply the second equation by 2D + 6 and subtract it from Eq.(1), such that

2D + 6]z —y = 2sin(2t) = 2[2D + 6]z — 2y = 4sin(2t)
2+ D+ 5]y =0 X0, 92D + 6]z + [2D2 + 16D + 30] y = 0

1) Complementary y.: Adding the two equations and using (abc)—formula result in
[2@2 + 16D + 28] =0—Dio=—-4=+ 21/2 such that Ye = k1 e(_4+2‘/§)t + ko e(_4_2\/§)t

2) Particular y,:

1 1 1
= |2¢in(2t)= |———— | 2sin(2t) = in(2
yp [Dz +8D + 14] 20 [—4+8®+ 14] sin(2) [4D+5} sin(21)

4D -5 1 1
= [16@2—25} sin(2t) = ~ 39 [4D — 5]sin(2t) = %9 [8 cos(2t) — 5sin(2t)]

such that the solution with respect to y is k1 e(=4T2V2)t | f, e(~4-2V2)t _ & [8 cos(2t) — Hsin(2t)).
The second formulation is then to remove y so that it yields x, with the same formula, it has

2D + 6]z —y = 2sin(2t) 2% (2D 4 6][D +5]x — [D+ 5]y = [D + 5] 2sin(2t)
224+ [D+5]y=0 =1, 22+ [D+5]y=0

1) Complementary z.: Adding the two equations and using (abc)—formula result in
[2@2 + 16D + 28] =0—Dip=—-4+ 2v/2 such that z, = ¢; e(~4+2v2)t | c2 e(—4-2v2)t

2) Particular z):

1
4D +5

p = [1] [4cos(2t) + 10sin(2t)] = {

D21+ 8D+ 14 ] [2 cos(2t) + Hsin(2t)]

_ [164;‘_525} [2cos(21) + Bsin(2)] = — 5 [4D — 5] [2cos(2r) + 5sin(20)]

1 1
=% [—16sin(2t) — 10 cos(2t) + 40 cos(2t) — 25sin(2t)] = ) [41sin(2t) — 30 cos(2t)]

such that, the final solution with respect to x is in the following.
1
r=z.+T, —C e(TA2VE 4 o) o(-4-2VR)E 29 [41sin(2t) — 30 cos(2t)]

Exercise 7. Solve the following differential equations!

d d
1. d—f—l—5m—2y:tandd—z:—|—2x+y20

with 2(0) = 0,y(0) =0

with 2(0) = 0,y(0) = 3,2(0) =0

4. Given two vertical series of spring K1 = 5

9. td—x—i—y:tandt%—i—xzo §/ma1;dK2:10N/mWithE1aS§M:1
! . (et g in the top. z1,x9,y are the deviation

with z(1) = 1,y(~1) =0 in M, in between of springs and bottom in

dr _ dy dz turn. Find z1, zo!

@ YT @

3.

15



7 Solution of Partial Differential Equations (Linear Homogeneous)

Partial Differential Equation (PDE) has a function (¢) with more than one independent vari-
ables, typically two (z,y) in this section. Due to the more independent variables, it is required
to differ the writing in terms of D-term with respect to certain independent variable, such that

0% (,9) _ g0 9% (2,y)

0y (x,
20l09) _ 1y, o (2,y) oz~ Dwey) 5 =DDyelmy) (24)

ox

This section focuses on the linear, as a; with ¢ = 0 — n is in the first-order, and homogeneous,
due to the order of each term is the same n, function as written in the following,

"y 0"y "y
e dap =@ (z, 2
w05 +ax 910y +--+a " (z,y) (25)
[a0D} + a1 D' Dy + -+ + an D] o = @ (z,y) — V(Dy, Dy)p = @ (,y) (26)

Supposed the partial differential function Eq.(25) with order n = 2, the steps to gain the
solution are presented in the following. To achieve complementary solution ., the right-hand
side function ®(z,y) is assumed to be zero and the function is made of in terms of D,

82<p ta 82<p 82<p

%052 0xdy +a Oy? -

0 — [aoD2 + a1 DDy + az D] =0 (27)

(D, Dy)
Next, take D, = m and D, = 1 and find the roots of the modified function,

—ai + \/ % — 4(10@2

a
2aq

a0m2 +am+ay=0— m(1,2) =

The last is to form the complementary solution depending on my and ms. Keep in mind that
the solution is not unique as long as it fulfills the equation in ¢,

pe = P1(y +miz) + Loy + maz) — if my # ma (28)

ve = P1(y + mx) + 2Po(y + maz) — if my = mg (29)
To achieve particular solution ¢, there are some possible ways depending on function ®(z,y)
1) If ®(x,y) = e’*t% and ¥(D,, D) with n = 2 — agDZ + a1D, Dy + a D

1 1

epa:+qy — epx-i-qy
CL()DQQC -+ alﬂny + GQQZ \I/(Dx, ‘Dy)

©p = } ePTtay

1
0]
Proof.

U( Dy, Dy)®(x,y) = ag [D3] Y + a1 [DyDy] P T + ay [D] P
= a0 (72) ¥ 4 a (pg) P 4 ay (¢7) 0
= (a0p2 + aipq + ang) ePTTW —s W(p, q)ePTTW u
2) If ®(x,y) = sin (px + qy) or cos (px + qy) and ¥(D,, D,) with n =2

1 , 1
= —
7= | 9(D2,D,D,, D2) Sin(pz + ay) U(—p?, —pq, —¢?)

sin(pz + qy)

Proof.
U(Dy, Dy)@(2,y) = ao [D2] sin(pz + qy) + a1 [DaDy] sin(pz + qy) + as [ij] sin(pz + qy)
= ao (—p?) sin(pz + qy) + a1 (—pq) sin(pz + qy) + az (—¢*) sin(pz + qy)
= [ao (=p%) + a1 (—pq) + a2 (—¢*)] sin(px + qy) u

U (—p2,—pq,—q?)#0
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3) If ®(z,y) =2Py? or (x+y)" and ¥(D,,D,) with n = 2. It supposed to be in series

‘Pp_[ 2 1 2]xpyq_12 1 2 xpyq%&:u

1 1 —aq —a2 a% n
=——|—4+—)u+|—+=|u"+-- stop when n =q| 2P y?
@[ () ( a oY 1y
8290:
oy?

2 2
0@ 0% _
Ox? Ox0y
function is altered into [D2 + 4D,D, — 5@5] ¢ = 0 and the solution is

1) Complementary ¢.: D, =m and Dy =1

5

Example 7.1. Find the solution of this partial function, 0. The given

m?+4m —5=0— my = 1,my = —5 such that ¢, = ®; (y + ) + Po(y — 5x)
2) Particular ¢,: Since ¢, = 0, the solution is ¢ = ¢, and one of the solutions fulfilling comprises
p=(y+2)*+ (y - 52)° (30)

Bear in mind that the solution is not unique, and one of the instances fulfilling the equation in
the solution is mentioned in Eq.(30). To prove that the solution is correct, we need to bring
back into the question, such that

2

Oy 0%

% _o 15y — 52)2 — 22 — 9 4 150y — 1
o (y+x) —15(y — bx)” — 52 + 150y — 750z (31)
A 2 O 9%

If Egs.(31) and (32) are brought to the question, it results in

2 4+ 150y — 750z + 4(2 — 30y + 150z) — 5(2 + 6y — 30x) = 0

2+ 8 — 10+ 150y — 120y — 30y — 7502 + 6002 + 150 = 0
0% 0% 0% .
972 +95 B2y +2 a2 = 0. The question

is transformed into [2D2 + 5D,D, + 2@2} ¢ = 0 and the solution is
1) Complementary ¢.: D, =m and Dy =1

Example 7.2. Solve this partial differential equation, 2

1 1
2m2 +5m+2=0— my :—§,m2:—2 such that ¢, = &4 <y—2$> + ®o(y — 2z)

2) Particular ¢,: Since ¢, = 0, the solution is ¢ = ¢, and one of the solutions fulfilling comprises
0 =1+/2y+x+sin(y — 2z)

0% 0% 0%

_ x+4
922 583683/ +68y2 = e, In terms
of D-term, the question could be written as [D?E —5D,Dy + 6@3] @ = e* T

1) Complementary ¢.: D, =m and Dy, =1

Example 7.3. Solve this partial differential equation,

m? —5m+6=0— mi = 2,my = 3 such that ¢, = O (y + 2x) + Pao(y + 3x)
2) Particular ¢,: D, =1 and Dy =4

op = 1 ez+4y — 1 6:B—l—4y — i6x+4y
P D2 -5D,D, +6D2 1—20+96 77

such that, the final solution is ¢ = ¢. + ¢, and one of the solutions fulfilling comprises

1
© =y + 2z + cos(y + 3z) + 7—7€””+4y
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3 3 3
0 4 0°¢ 44 0
ox3 0x20y Ox0y?
simplified into [D3 — 4D2D,, + 4D, D?] ¢ = 2sin (3 + 2y)

1) Complementary ¢.: D, =m and Dy =1

Example 7.4. Given the function,

= 2sin (3x 4+ 2y) and it could be

m® —4m? +4m =0 — my = 0,ma 3 = 2 such that ¢, = ®1(y) + Pa(y + 22) + 2P (y + 27)
2) Particular ¢,: D2 = -9, D, D, = —6 and 932/ =4

1 9
¥r {@%—4D%Dy+4®x95} sin (32 +2y) = - [D§—4Dxﬂy+4ﬂi sin (32 + 2y)
2 G GBrt2y) = -2 || sin (32 + 20) = 2 cos (3x + 2y)
=D, | To7 2416 sin (3x + 2y) = D, sin (3z + 2y) = 3 cos (3 + 2y

such that, the final solution is ¢ = ¢, + ¢, and one of the solutions fulfilling comprises

2
Y+ (y+22)° +x (y+ 22) + gcos(3q:+2y)
92 2 2
A ST
Ox? 0xdy Oy?
First, it is necessary to change the term, [Di - 8D,D, + 15@5] ¢ = xy? and the solutions are,
1) Complementary ¢.: D, =m and D, =1

Example 7.5. Supposed a partial function, = zy?, find the solution!

m? —8m+15=0 — my = 5, my = 3 such that 0 = D1 (y + 5x) + Po(y + 32)

2) Particular ¢p:

1 1 ) [ 1 } , D,
Yp = 2 2 Ty = — 2 zy ? =u
D71 3 (%) +15 (%) 1 —8u+ 15u D,
1| D D,
= D—g 1-8 <®Z> + 49 Di) + @y (stop when n = q)

= [@fj <:cy — 8z y+3;1:):6xy —37 y—l—%x

such that, the final solution is ¢ = ¢. + ¢, and one of the solutions fulfilling comprises

1 2 49
52)° 4+t 3 T2 24 =5
(y+52)" +tan (y +32) + o 2”y” — o'y + o
Exercise 8. Solve the following differential equations!
2 2 2 4 1
TP R g Te e
dz? " 0xdy  Oy? ozt T oyl
Pp o O Py P P P
2. -6 11 -6 -0 5 9P _ _ 94 5
O3 0x20y + Dz 0y? dy° 922 Dxdy sin(z) cos(2y)
Pp o Oy Do Py Po  Po Py
0u3 020y T 0a0? 0y oe2 " ozoy oy Y

It is possible that the three possible ways in finding the particular solution are failed because
of zero result in denominator. If this really happens, it is required to conduct what is known as
Parameter Variation method, such that

[Dx—laﬂy] ®(z,y) = /(I)(x,c —ar)dr — y=c—ax (33)
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where a and c are the constant parameter of D, and an integration constant respectively. Keep
in mind that,

0z 0z

o aa—y =®(z,y) — z= [M] ®(z,y) (34)

is a Lagrange differential equation, and to solve, it needs a auxiliary equation, therefore

dr  d d
o2 (35)

1 —a (b($7y)
/—adazz/dy—>y=—@£+c and /dz=/i>(x,y)da:—>z:/q)(x,c—a:c)da: (36)

82<p 82<p 82<p

Example 7.6. Solve the following partial differential equation, — + =™ty
Ox? oxdy  Oy?
1) Complementary ¢.: D, =m and Dy =1
m? —2m +1=0— my = 1,my = 1 such that g, = ®;(y + z) + 2Ps(y + )
2) Particular ¢,: D, =1 and D, =1
oy = 1 ety — Loty (failed)
P |D2-2D,D, + D2 0
[ 1 1
~ |D.-D, ] [Dx K DJ A /ecdx =we (y=coz etV =e)
A
[ 1 | 1
= _M_:cex+y:/xecd$:2x2ec (y=c—x — xe®¥ =xe)

such that, one of the final solutions is ¢ = (y + x)? + z tan (y + 2) + %:c2 er Ty

Example 7.7. Given the D-term partial function, [D,; — D] [D, + 2D, ¢ = (y + 1)e®
1) Complementary ¢.: D, =m and Dy, =1

(m—1)(m+2)=0— m; = 1,my = —2 such that . = ®1(y + x) + P2(y — 272)

2) Particular ¢,: D, =1 and D, =1

1 1
©p = (y + 1)e® = ye®, where
Dy —Dy| | Dy +2D,

A

B

A—/(c—|—2x+1)6xd:ﬁ—ce$+2x6x—6x—yex—ex (y=c+2z — (c+2x+1)e”)
B:/(cx)exezcm:cexxem:yez (y=c—z — (c—x)e* — ")

such that, the final solution is ¢ = (y + z) + (y — 22)* + ye®

Exercise 9. Solve the following differential equations!

0? 0? 0?
¥ 19 ¥ + ¥
Ox? oxdy  Oy?

03 03
= 2sin(y) — xcos(y) | 2. 87;?? — 28x2gy = 2e?* + 322y

1.
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8 Solution of Partial Differential Equations (Linear Non-Homogeneous)

This chapter delivers the partial function yet homogeneous. Compared to the preceding, it gives
different order of the derivative terms as shown in the following instance, such that

e o dp Iy
= \P ®x7 D —
a5 + U 5y + a2 ok tass -+ aym +asp =0 — Y( y) =0 (37)
where ag, a1, ..., a5 are in the same order, then called as linear, and n, k, m are different then it

is supposed to be non-homogeneous. The solutions constitutes complementary and particular.
To solve complementary solution (p.), it is necessary to form as follows,

Dy —mDy —ajz=0 — ——-—m——az= (38)

Since it is a Lagrange differential equation, and to solve, it needs a auxiliary equation, therefore

dr _ dy _d )

1 —-m az

1
/—adx:/dy%y:—mlﬁ—c and /dx:/azdz%a:vzln(z) (40)
such that,

ve = P1(y + myz)e®™ + Oo(y + maz)e®™ — if my # mo (41)
ve = [P1(y + mx) + 2P2(y + mz)] e — if m; = ma (42)

To achieve particular solution ¢, there are some possible ways depending on function ®(x,y).
With the same definition of ¥(D,,D,), it can be enlightened that
1) If ®(x,y) = ePrT

1 1
|l | eprtay {} ePT+ay
r |:\I/(DxatDy):| U(p,q)
2) If @(z,y) = sin (px + qy) or cos (pr + qy)
1 1

J sin(pz + qy) — [ ] sin(pz + qy)

r= Lm@;,@x@y,@g W(—p?, —pg, —¢?)

3) If ®(x,y) = 2Py? or (xz +y)", it supposed that ¥(D,,D,) as used in the example and the
form would be more various and it should be arranged in series

@p:[ 1 ]xpyq: - xpyq%—Dyzu
2 2 2 2
a0D; + a1DsDy + a2 Dy P a0+ ar (%) +a <%>

Dy
1 1 —ay —ay a%
= |—+|—% Jut+t|—5 + 3 )u"+ - stop when n = q| 2" y*
ap Ao

4) If ®(z,y) = eP" W (2, y)

1
(Dx + p, Dy + Q)

PT+qyY — PT+qy
€ QS(IE, y) € |: \I]

B e

Those four ways denoted above are the most common solutions depending on the right-hand
side function and non-zero.
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Example 8.1. Solve this partial function, [D% +5D,D, — 5D, + 4@3 — 11D, + 6] @ =0. The
first is to split that function into Eq.(38), so that with the help of abe formula, the given question
could be arranged as follows

D2 + Dy (5Dy —5)+4D2 — 11D, +6 =0 w.rt (D)

b c
such that,
—(5D, — 5) + \/(5®y —5)2—4D2 — 11D, + 6
D, =
2
—(5D, -5 3D, —1
Dy = (5D, )2 (8D, = 1) — Dy + Dy —2][Dy +4Dy — 3] =0
Compared to [D, — mD, — al, the question constitutes m; = —1,a; = 2 and mo = —4,a1 = 3

such that from the information of Eqs.(38)-(40) the complementary solution which is also the
final solution due to ¢, =0 is

we=P1(y — x)ezx + Do(y — 43:)63”

Example 8.2. Given the following partial equation, [D, + 3D, + 4)% ¢ = 0, find the solution!
Since the question is squared, there might be using Eq. (34), such that m = —3,a = —4 and
the solution is

pe = [@1(y — 3z) + 2Po(y — 3x)] e

Example 8.3. Solve this partial differential equation, [D, — Dy — 2] [D, — Dy — 3] ¢ = €32~
1) Complementary ¢.:

Dy —Dy —2][Dy — Dy —3]=0—my =1,a1 =2 and my = 1,az = 3, such that
e =€) (y+ )+ By (y + )

2) Particular ¢,

0, = 1 633U—2y — 1 633:—231 — 163x—2y
Pl (Dy — Dy —2) (Dy — Dy — 3) (3+2-2)(3+2-3) 6

such that the final solution ¢ = ¢, + ¢}, is
1
©=e"0y (y+a)+eDy(y+a)+ G BT

Example 8.4. Find the solution of this partial function, [D, + 1] [D, + D, — 1] ¢ = sin (z + 2y)
1) Complementary ¢.:
Dy +1][ Dy +Dy —1] =0 — my =0,a; = —1 and mg = —1, a2 = 1, such that
pe =€ 01 (y) + " o (y — )

2) Particular ¢,: [Dy + 1][Dy + Dy — 1] = D2 + D, D, + D, — 1

= : in @+ 2y) = | ——— | sin (2 +2y) = | 2 | sin (2 + 2y)
(,DP— ®%+Dm®y+®y—1 SN (T Yy) = Dy—4 Sin (r Yy) = ‘DZ—IG SN (T Yy
1 1
=5 [Dy + 4] sin (z + 2y) = ~50 [2 cos (z + 2y) + 4sin (z + 2y)]

such that the final solution ¢ = ¢, + ¢, is

1

p=e"P;(y) +e" Pa(y—2x) 0 [2cos (x + 2y) + 4sin (x + 2y)]
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Example 8.5. Find the solution of this partial function, [D, — Dy + 2] [D; + Dy — 1] ¢ = 2%y
1) Complementary ¢.: Compared to D, — mD, —a

Dy =Dy +2][Dy+Dy, —1] =0 — my =1,a1 = —2 and my = —1,as = 1, such that
pe=€ 2P (y+x)+e" By (y— )
2) Particular ¢p: [Dy — Dy + 2] [D, + Dy — 1] = D2 + D, — D2 4 3D, — 2

B 1 . 1 1 )
‘pp_{gg+®m—®;+3®y—2]”_ 2 |1-I(@2+D,-D2+3D,)|""*

1+u+u2+u3 5 1, 3, 1 3 3 21
—+— 4 —|ry=—zzy— -z°— —xy— —x — -y — —
9 T4 TR | TYT T Tt TRt Tt T Y Ty

such that the final solution ¢ = ¢, + ¢, is

1
2

1 3 1 3 3 21
=R (y+2)+ " Doy —a) — saty— ol —coy—Sr—Ty- T

Example 8.6. Evaluate this partial differential function, [D, — 3D, — 2]* ¢ = 2¢2* sin (3z + y)!
1) Complementary ¢.:

D, — 3D, —2]2 =0— m =3,a =2, such that
pe = [P1(y + 3x) + 2Pz (y + 3x)]
2) Particular ¢

= ! 2e2% sin (3z + y) = 2€*° ! sin (3z + y)
(D, — 3D, 2)° V=2 D2 —6D,D, + 912 y
1
= 2¢%" [—9—#18—9] sin (3z + y) = 2e** {0] sin (3z + y) (failed)
1 1
e [Dx —3@?,] [@:p —3@3,] sin (3z + y)
A
B
A= /sin(c) dx = xsin(y + 3z) (a =3,y =c—3x — sin(c))
1
B = /msin(c) dx = §£L'Q sin(y + 3x) (a=3,y=c— 3z — zsin(c))

such that the final solution ¢ = ¢ + ¢, is
@ = [®1 (y + 32) + 2P (y + 32)] €* + 2%e** sin(y + 3x)

Exercise 10. Solve the following differential equations!

Po [ Pp o L dp Oy
2 2—/— 42— =
Ox? + 0x0y + oy? + Oy * Oy te=0

2. [DZ+ DDy + D, —6D; 413Dy, — 6] ¢ =0

1.

4. [2D2 + DDy — 4Dy — D2 + 2D, ] o = ¥
5. [D2+ DDy — 6@5] ¢ = x?sin(z + y)
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9 Applications of Differential Equations

Example 9.1. Find the output z(¢) if input y(t) = 10! From the figure, it can be said that

Y A e 1 T
T ©+2 >
v D

Figure 1: Block diagram system

v =Dz and e = y — v, therefore

x:{DiJ@®@~»P+DﬁJx=[£in

xr = 1 10 = 1—210—5
2D+ 2 12 2 -

Example 9.2. A mass m = 1 kg is placed as shown in Fig.(2a), having the damper b = 2 Ns/m
and spring k = 5 N/m. A wall where it vibrates in the horizontal axis with y(t) = 2 cos(2t).
Find the response of the system!

such that,

r» x y [ e bo + k z
I m@Q L
m
(a) System (b) Closed-loop block diagram
y o+ k z
mD? + 0D + k '

(c) Open-loop block diagram

Figure 2: The system and its block diagram (closed- and open-loop)

mi + b(i — ) + k(z —y) = 0 — mD* + bD(z — y) + k(z — y) — mD?*z = (bD + k)(y — z)
z__ WDtk
y mD2+cD+k

From the equation, the complementary solution z. is

[D? +2D +5] =0 — Dy = —1 4 2i, such that z. = cre %" + cpe™ 17
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The particular solution x), is

[ 2D+5
T D2 oD 15

4D?2 4+ 8D — 5

2D +5
:| 2COS(2t) =2 [ZW—I] 2COS(2t)

2D +1

] 2cos(2t) =2 [
2 2 .
=17 8D — 21] cos(2t) = 1—7[16 sin(2t) + 21 cos(2t)]
such that the final solution @ =z + z is c1e ™12 + coe 71721 + 2[16sin(2t) + 21 cos(2t)]

Example 9.3. The RC-circuit is arranged in series as depicted in Fig.()3, find the equation of
current in terns of time (t)!

=

Figure 3: RC - circuit

1
Ri+0/idt:VS — Vs, = constant

The equation is then differentiated by time (t), such that

di 1 1
R—+—=i=0— (RCD+1)i=0—D=——=
a e (ROD + 1)i RC’
Example 9.4. The equations of two voltage in the two-loop circuit using resistance (R) and
inductance (L) are presented as simultaneous differential equation,

such that i(t) = Ae me! 4 K

dip  dig : o dig . o
T + s + 5611 + 4019 = 400 and g 811 4+ 1022 =0
Find the the equation of current in each loop (1, i2) as a function of time (¢) if i1 (0) = 0,42(0) = 0
(D +56)i1 + (D + 40)iz = 400 and —8i1 + (D +10)iz =0

To eliminate i1, the first equation is multiplied by 8 while the second (D + 56), therefore

(D + 56) + (Diy + 40) = 400 =5 8(Dr -+ 56) +8(Diz + 40) =3200]
R+ (D4 10)ia=0 PP g (Da 4 56) + (D + 56)(D + 10)is = 0

The complementary solution is
[D? + 74D + 880] = 0 — Dy = —15,Dy = —59, such that isc = kje™ " + koe ™

and the particular solution 2, is

1 1 4
} 3200 = [ ! D] 3200 = 3200 = 3.64

D2 + 74D + 880 880 8802 880

such that the final solution with respect to is is k1e ™' +koe 59 +3.64 and with the same formula
of elimination in terms of 72, it is obtained that the final solution of ¢; = i1, + 41, constitute
c1e 1% 4 coe @ + 4.55. Using the constraint given, it is found that the four parameters are
c1 =2.98,c0 = —7.49, k1 = —4.86 and ko = 1.22, such that

i1(t) = 2.98¢ 1% — 7.49¢7%% 4 455
in(t) = —4.86e7 1% +1.22¢7°Y 4 3.64
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Exercise 11. Solve the following differential equations!

1. The block diagram of angular position control of servo-mechanic is presented as in Fig.(4)
with input 6, (t) = St which is ramp function. Find the output response of the system along
with the error in the setady state condition!

Figure 4: Block diagram of system

2. Given a differential function of system of cantilever with uniform loading, while one is
bounded and another is free, is

d23/ I, /
EI@:py—iwx — y(0) =0y'(0) =0

where p is external force, find the equation of deviation y(x)!

3. The RLC circuit is arranged in series as portrayed in Fig.(5) with R = 16082, L = 1 H and
C = 10~* F with the voltage of V = 20 V. Find the current and charge equation as a function
of time (t)!

R L C
I/]\ +Vr=  +VrL- + V=

O
\%
Figure 5: RLC circuit

10 Bank of Questions

This section would be released soon!
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